Magnetic resonance force microscopy measurements of the electron spin resonance of a thin film of 2,2-diphenyl-1-picrylhydrazyl were performed using a low doped silicon cantilever with a high coercivity SmCo particle glued to its end. The low doping level enables amplitude modulation of the microwave field with only small spurious driving of the cantilever. Besides amplitude modulation we use frequency modulation of the microwave field at integer fractions of the cantilever resonance frequency leading to derivative signals up to the fourth derivative of the amplitude modulation response signal. The influence of the modulation depth on the line shape of the first derivative response is also presented.
I. INTRODUCTION
Magnetic resonance force microscopy ͑MRFM͒ is a scanning probe technique based on mechanical detection of the magnetic resonance signal 1 due to the magnetic interaction between a high-gradient probe micromagnet mounted on a compliant micromechanical cantilever and the magnetic moments in the sample under investigation. The strength of this interaction is measured through detection of the cantilever displacement. To improve sensitivity of the method, magnetic moments in the sample are selectively manipulated using a magnetic resonance technique in such a manner that the force of magnetic probe-sample interaction is modulated at a frequency equal to the mechanical resonance frequency of the cantilever. This approach allows taking advantage of the high quality factor Q of the mechanical cantilever. The MRFM technique has demonstrated sensitivity much greater than that of conventional inductive and cavity based methods of magnetic resonance detection. MRFM has been successfully used for detection of nuclear magnetic resonance, 2, 3 ferromagnetic resonance, 4, 5 and electron spin resonance ͑ESR͒, 6, 7 recently demonstrating single spin sensitivity. 8 This unprecedented sensitivity, combined with a capability for selective manipulation of spins in the sample makes MRFM a valuable tool for spatially resolved magnetic resonance detection and subsurface three-dimensional magnetic resonance imaging.
One common problem of MRFM experiments is the so called spurious coupling or modulation noise, [9] [10] [11] [12] i.e., the undesired excitation of the sensing cantilever through forces other than those originating from the magnetic resonance signal one is interested in. This is especially pronounced in the case when the electromagnetic field amplitude is modulated at the mechanical resonance frequency of the cantilever 0 . One common solution to this problem is to modulate the microwave frequency 12, 13 rather than the amplitude of the microwave field at the cantilever frequency. Another solution is to use an anharmonic modulation scheme, 9 for which two quantities are modulated simultaneously. The modulation frequencies are chosen such that their sum or difference matches the resonance frequency 0 of the cantilever. Typical implementations of this anharmonic modulation scheme use the modulation of the static magnetic field together with amplitude modulation of the microwave field 9 or mechanical modulation of the sample magnetization together with modulation of the static magnetic field. 14 As another solution to the modulation noise problem the usage of poorly conducting cantilevers has been proposed. 12 In the present article we demonstrate that the use of low doped silicon cantilevers enables amplitude modulation of the microwave field with negligible spurious coupling to the cantilever. We furthermore extend the frequency modulation scheme previously used to frequency modulation at integer fractions of the cantilever frequency thereby enabling detection of higher order derivatives of the magnetic resonance signal.
II. EXPERIMENT
In a typical magnetic resonance force microscopy experiment the inhomogeneous field of a microscopic magnetic particle attached to the end of a cantilever is used to locally excite electron spin resonance in a sample. The region of the sample in which the resonance condition 
is met is often called the sensitive slice. Here B tot ͑r͒ = B + B tip ͑r͒ is the total magnetic field at the position r in the sample and consists of the ͑homogenous͒ external magnetic field B and the tip field B tip ͑r͒. The magnetic resonance in the sample is excited with a microwave field with frequency and ␥ denotes the gyromagnetic ratio. Besides localizing the magnetic resonance in the sample the inhomogeneous tip field also couples the sample magnetization m͑r , t͒ to the mechanical resonator. The total force F tot acting on the cantilever is given by 15
where F͑r , t͒ is the force originating from a point r in the sample and is given by
Whenever this force has a sufficiently large Fourier component at the cantilever resonance frequency 0 the large Q factor of the cantilever ͑in our experiments: Q Ϸ 200 000, measured using a ring-down experiment͒ 16 will lead to a detectable oscillation amplitude of the cantilever. By using an interferometric detection scheme for the cantilever displacement, 17 even at 4 K the sensitivity of a magnetic resonance force microscope is limited by the thermal motion of the cantilever itself. The Fourier component of the force at the cantilever frequency can be generated, for example, by amplitude modulation of the microwave excitation at the cantilever frequency or by frequency modulation of the microwave frequency either at the cantilever frequency or at integer fractions of the cantilever frequency. The details of the expected spectra together with experimental results obtained from a thin film of 2,2-diphenyl-1-picrylhydrazyl ͑DPPH͒ measured at 4 K will be discussed in the following. The details of the experimental setup and the cantilever to which we glued a SmCo particle ͑magnetic tip͒ and shaped it using focused ion beam have been described elsewhere.
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A. Amplitude modulation
One approach to generating a significant driving force at the resonance frequency of the cantilever is to modulate the amplitude H 1 of the radio frequency field
where 0 Յ Յ 1 is the modulation depth and m = 0 is the modulation frequency chosen to be equal to the cantilever frequency. A detailed description of the probe sample coupling and the expected response for amplitude modulation can be found in Ref. 15 . A typical spectrum obtained from DPPH at 4 K ͑see Fig. 1͒ clearly shows the expected features: at low fields the resonance condition is only fulfilled for spins located in a narrow shell underneath the tip, the sensitive slice. For external magnetic field within the intrinsic linewidth ⌬B 0 of the resonance field, i.e., for ͉B − / ␥͉ Ͻ⌬B 0 , all parts of the sample for which the tip field is neg-
Cantilever amplitude signal as a function of the externally applied magnetic field. The microwave field ͑8.29 GHz͒ was amplitude modulated at the cantilever frequency and the signal was detected using a lock-in amplifier at the same frequency.
FIG. 2. ͑Color online͒ Cantilever amplitude as a function of the applied magnetic field. Here the microwave field was frequency modulated with a modulation amplitude of ⌬ / ␥ = 5.4 G at the cantilever frequency, the signal at the same frequency was detected using a lock-in amplifier. The black line shows the experimental data, the green line is the numerical derivative of the data shown in Fig. 1 , while the blue line is obtained from the same data by calculating the Fourier component at 0 . ligible are at resonance. The sign change of the tip field gradient between the sample regions underneath the tip and far away from the tip is the origin of the sign change of the force acting on the cantilever, which leads to the characteristic MRFM-line shape as observed in Fig. 1 . One common drawback of using amplitude modulation is the fact that this scheme usually generates large spurious forces acting on the cantilever. As pointed out for example by Suter 12 using a poorly conducting material for the cantilever should reduce this effect. Therefore, in our experiments we used a low boron doped ͑Ϸ10 15 cm −3 ͒ Si cantilever. As can be seen in Fig.  1 this leads to a very small spurious coupling to amplitude modulation, i.e., a negligible offset of the entire spectrum with respect to the zero base line.
B. Frequency modulation at the cantilever frequency
In the case of frequency modulation 13, 18 ͑FM͒ the frequency of the microwave excitation is modulated about its average frequency ,
Here ⌬ denotes the frequency modulation depth and m is the modulation frequency. For the following discussion we assume that 1 / T 1 m /2, which implies that for time scales of the order of 1 / m the magnetization is always in equilibrium. Here T 1 denotes the longitudinal relaxation time. The resonance condition ͑1͒ in the case of frequency modulation reads
Thus frequency modulation can also be thought of as a field modulation [19] [20] [21] around the average field B = / ␥ with a modulation ⌬B͑t͒ = ͑⌬ / ␥͒cos͑ m t͒. Assuming that the field dependence of the force F͑B͒ acting on the cantilever is known one can perform a Taylor-series expansion around B ,
͑7͒
This expansion can be rewritten in a Fourier-series expansion in cos͑m m t͒ as follows: 
Thus by modulating the microwave frequency at the cantilever frequency, i.e., m = 0 , the Fourier component at the cantilever frequency reads
So to first order in ⌬ the response is 
͑10͒
Therefore, for small modulation depths ⌬ the frequency modulation response is proportional to the derivative of the amplitude modulation response, 18, 22, 23 as can be seen in Fig.  2 . One notices that the apparent linewidth of the measured frequency modulation response is larger than the one obtained using amplitude modulation. This is caused by the rather large modulation amplitude of ⌬ / ␥ = 5.4 G used in this case.
While the expression in Eq. ͑10͒ is a good approximation for small modulation depths and any line shape the experimentally observed frequency modulation response can be calculated for any field modulation depth ⌬B m = ⌬ / ␥ numerically for any given field dependence of the force F͑B͒ acting on the cantilever as follows: The time dependence of the force during frequency modulation is simply given by the time dependence of the total magnetic field F FM ͑t͒ = F͉͑B tot ͑t͉͒͒. If either the line shape of the sample is known analytically or the amplitude response is measured experimentally one can calculate this force numerically over a full modulation cycle and by performing a Fourier transform of this force F͑F FM ͒ one obtains the frequency spectrum of the force at multiples of the modulation frequency. In Fig. 2 the Fourier component at 0 calculated based on the measured amplitude response ͑compare Fig. 1͒ is shown for the experimental parameters used in this case. The curve agrees better than the estimate based on Eq. ͑10͒, as this approach is, at least for an analytically known line shape, valid for arbitrary modulation depths. Using the experimentally measured amplitude response to calculate the force spectrum is, however, only advisable as long as the field separation of those data points is significantly smaller than the field modulation depth for which the frequency modulation response is to be predicted. The noise present in the experimental data further limits the applicability of this approach.
From measurements of the frequency modulation response of the sample at different modulation depths ⌬B m , the measured half linewidth ⌬B meas and the signal amplitude A max were determined as shown in Fig. 2 . Note that we have used the half linewidth rather than the full linewidth, which one would measure between the maximum and minimum of the FM response, in order to minimize the influence of the feature on the low field side of the resonance caused by the localized resonance underneath the tip. The results are shown in Figs. 3͑a͒ and 3͑b͒ , respectively. In these graphs the expected linewidth and signal amplitude have been calculated based on the numerical scheme described earlier assuming both a Lorentzian and a Gaussian line shape with a full width at half maximum ͑FWHM͒ of 9.2 and 6.2 G, respectively, which for both line shapes corresponds to the measured half linewidth of ⌬B 0 = 2.7 G for small modulation depths. The FWHM ⌬B 1/2 = 9 G determined directly from the amplitude modulation data in Fig. 1 is in better agreement with a Lorentzian line shape. The measured linewidth dependence on the modulation depth is similar for both line shapes. However, the signal amplitude seems to be better described by a Gaussian line shape, compare Fig. 3͑b͒ . As is well known, there is an optimum modulation depth which results in a maximum signal 24, 25 which can be seen in our numerical simulations for the Gaussian line as well as in the experimental data. For the Lorentzian line shape the maximum signal amplitude will occur at modulation depths larger than is observed experimentally. 25 The measured signal amplitude drops off faster than one would expect for either a Lorentzian or Gaussian line shape. Thus we conclude that while simple analytical line shapes can provide useful guidance to the actual line shape in a MRFM experiment it is more complicated due to the inhomogeneous tip field. 15 This complicated line shape does not only affect the low field side of the resonance but also the high field side and needs to be taken into account in order to explain the influence of the modulation depth on the measured spectra. We also note that the linewidth measured in our experiments is somewhat larger than typically reported for conventional ESR measurements for DPPH, 26 which also suggests that the line is inhomogeneously broadened.
C. Frequency modulation at integer fractions of the cantilever frequency
Another interesting implication of Eq. ͑8͒ is that by modulating the microwave frequency at integer fractions of the cantilever frequency, i.e., m = 0 / k ͑k =1, 2, 3, ...͒, the cantilever response at its resonance frequency should reflect the kth derivative of the amplitude modulation response. For k = 1 this has indeed been shown in the preceding paragraph. For k = 2, i.e., m = 0 / 2, the Fourier component at the cantilever frequency becomes
͑11͒
Thus to lowest order in ⌬ the cantilever response of frequency modulation at half the cantilever resonance fre- quency should be proportional to the second derivative of the amplitude modulation response. In Fig. 4͑a͒ the cantilever amplitude measured using frequency modulation at 0 /2 is shown together with the second derivative of the amplitude modulation response, which was calculated as the numerical derivative of the frequency modulation response in Fig. 2 . We note that second derivative curves of absorption spectra have been used in the past, see. for example. Refs. 23, 27, and 28. One advantage of using the second derivative signal rather than the first derivative signal is the fact that the location of the resonance is given by the minimum of the signal instead of the zero crossing, which relies on a proper background determination.
Similarly frequency modulation at a third of the cantilever frequency, i.e., m = 0 / 3, the Fourier component at the cantilever frequency is
͑12͒
Therefore, the cantilever response in this case in lowest order of ⌬ is proportional to the third derivative of the amplitude modulation response, as is shown in Fig. 4͑b͒ . In conventional spectroscopy experiments this has been previously observed by Rinehart et al. 23 Similar arguments hold for modulation at a quarter of the cantilever frequency, m = 0 / 4; here the cantilever response in lowest order of ⌬ is proportional to the fourth derivative of the amplitude modulation response, as shown in Fig. 4͑c͒ .
III. CONCLUSIONS
The use of low doped silicon cantilevers with a high coercivity SmCo particle glued to its end enables MRFM experiments using amplitude modulation of the microwave field with very low spurious coupling. Frequency modulation of the microwave field at the cantilever resonance frequency leads to a first derivative signal of the amplitude modulation response. The modulation depth in this case affects the experimentally observed linewidth and the signal amplitude, leading to an optimal modulation depth, maximizing the signal. Using frequency modulation of the microwave field at integer fractions of the cantilever frequency enables detection of higher order derivatives of the amplitude modulation signal. For a thin film of DPPH the high Q factor of the mechanical resonator enabled the detection up to the fourth derivative of the amplitude modulation response. The technique of modulating the microwave frequency at integer fractions of the cantilever frequency can be further extended to better conducting, i.e., highly doped, cantilevers to reduce the spurious coupling in MRFM experiments.
